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5.1 ADJUSTMENT OF OBSERVATIONS 


While making a measurement, certain amount of error is bound to creep into the measurements and 
hence, no observation is free from error. Gross errors are checked by designing the field procedures 
of observations. Systematic errors are expressed by functional relationships and therefore, they can 
be completely eliminated from the observations. The remaining error in the observations is the 
accidental or random error. The random errors use probability model and can only be minimized 
or adjusted, and the adjusted value of a quantity is known as the most probable value of the 
measured quantity. It is the most probable value of a measured quantity which is used for computing 
other quantities related to it by mathematical relationships. 


5.2 METHOD OF LEAST SQUARES 


It is a general practice in surveying to always have redundant observations as they help in detection 
of mistakes or blunders. Redundant observations require a method which can yield a unique solution 
of the model for which the observations have been made. The least squares method provides a 
general and systematic procedure which yields a unique solution in all situations. 


Assuming that all the observations are uncorrelated then the least squares method of adjustment 
is based upon the following criterion: 
"The sum of the weighted squares of the residuals must be a minimum". 
Е vi, U,, 0, etc., are the residuals and 0), 0», ዉ.. etc., are the weights then 
ф = OU + Od, + Фог +......+ GU, = a minimum  ...(5.1) 
n 
= ን хом = a minimum. 
i=l 
The above condition which the residuals have to satisfy is in addition to the conditions which 
the adjusted values have to satisfy for a given model. 


5.3 OBSERVATION EQUATIONS AND CONDITION EQUATIONS 


The relation between the observed quantities is known as observation equation. For example, if œ 
and В are the angles observed at a station then œ + ይ = d is the observation equation. 


A condition equation expresses the relation existing between several dependent quantities. For 
example, the three angles a, В and y of a plane triangle are related to each other through the 
condition equation @+ ይ + у= 180". 
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5.4 NORMAL EQUATION 


Normal equations are the equations which are formed from the observation equations using the 
criterion of least squares. The solution of normal equations yields the most probable values or the 
adjusted values of the unknowns in the equations. 


A normal equation of an unknown is formed by multiplying each observation equation by the 
coefficient of that unknown in the observation equation and the weight of the equation, and by 
adding the equations thus formed. The number of normal equations is same as the number of 
unknowns. 


For example, let there be three unknowns x, y, and z having n observation equations as 
below: 


ax+by+cz —d,=0 


a,x+b,y+c,z —d,=0 


a,x+b,yt+c,z —d, =0 


The normal equations of x, y, and z are respectively 
(£a? k+ (Lab)y+ (хас): - (Lad )=0 
(Каһ)х+ (Eb? y + (све): -(Lbd)=0 


(Хас )x+ (Xbc)y + (zc? k = (са )=0 


In matrix form, the above equations are written as 


Xa? Lab Xac||x| |Хаа 
Yab УЬ? Xbc||y|- Ebd |=0 05/25 
Хас Уфс Ус? ||።| |ሄሮፀ 


ог CX =D ..4(5.3) 
where 

C - the coefficient matrix of normal equations 

X 


D - the column vector of constants. 


the column vector of unknowns, and 


The normal equations given by Eq. (5.2), have the following characteristics: 
(i) The number of normal equations is equal to the number of unknowns. 


(ii) The matrix coefficients of the unknowns is a symmetric matrix, i.e., the elements of їн 
row are the same 85 the elements of i” column. 
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5.5 LEAST SQUARES METHOD OF CORRELATES 


Correlates are the unknown multipliers used to determine the most probable values of unknown 
parameters which are the errors (or the corrections) considered directly. The number of correlates 
is equal to the number of condition equations, excluding the one imposed by the least squares 
principle. The method of determining the most probable values has been explained in Example 5.6. 


5.6 METHOD OF DIFFERENCES 


If the normal equations involve large numbers, the solution of simultaneous equations becomes very 
laborious. The method of differences simplifies the computations. In this method, the observation 
equations are written in terms of the quantity whose most probable values is to be determined by 
least squares method. The solution of Example 5.8 is based on this method. 


5.7 METHOD OF VARIATION OF COORDINATES 


In the method of variation of coordinates, provisional coordinates are allocated to points requiring 
adjustment. The amount of displacement for the adjustment is determined by the method of least 
squares. 


In Fig 5.1, there are two points A and B having coordinates (x4, уд) and (xp, ув), respectively, 
from where the observations were made on the point C, whose coordinates are to be determined. 
Let the provisional coordinates assigned to C be (x^ ус’) and 


the bearing of AC = бис 

the bearing of BC = бас 

the length of АС = lic 

the length of BC = [вс 

the angle ACB = ጩ 
The length of AC is given by 





, , 2 Fi . 5.1 
Га ex. = x) «c = yj) = 
Ву differentiating the above equation, we get 
1 | Cil ^, ^, ^ | 
дот ጋው цагг ር ህሪ ጋሪ ህሮ = Falda ...(5.4) 
АС 


where Мис is the displacement in l4ç due to small displacements dxç, ахд, дус, and dy, in C and 
A, respectively. 


The bearing of AC is given by 


Ё 


ቋራ “ቻች 
tang, = ue i9) 
Ус УА 


The change 40,с in the bearing due to the displacements ахе, ахд, дус, and дуд, is 


1 ^ ^ ^ £F 
dð = 51. - y4A)dxc - (xc — xa) -(Ус – y4)dx, ተ (xc — x4)dy, | ...(5.6) 


2 
AC l AC 
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Similar expressions can be obtained for BC and then the change in the angle ACB can be 
related to 40,с and 40рс. Using the method of least squares, the displacements dx and dy in the 
points can be determined. Residuals v can be derived in the form 


v= O0-C-dy 
where 
О = the observed value of quantity, i.e., length, bearing, or angle, 
C - the calculated value of that quantity from the coordinates, and 
dy = the change in that quantity due the displacements of the respective points. 


The best value of the quantity will be C + dy. 


5.8 GENERAL METHOD OF ADJUSTING A POLYGON WITH A CENTRAL 
STATION (Ву The Author) 


Let a polygon with a central station О ከ85 ዘ sides and the observed angles be Ө, 05, ..... ፀነ, as 
shown in Fig. 5.2. The total number of angles observed in this polygon will be Зи with п angles 
around the central station. 


The computations are done step-wise as explained below. 


Step-1: Determine the total corrections for (7) each triangle, (77) the central station and (iii) 
the side conditions 


(i) C, = 180° = (Ө, t 0, + 05,43) 
С, = 180° = (0, + Ө, + ፅፀ...) 
C3 = 180° = (0; + 06 t Ө, з) 





Сп = 180° ын (65, 1 t 65, + Өз) 
(її) C, = 360° = (0,1 + Ө, 2 Hirst 03) 
(iii) С„ = — [log sin(odd angles) - log sin(even angles)] х 109 for angles (9,, 0,...0,,). 


Calculate log sin of the angles using pocket calculator and ignore the negative sign of the 
values. 


Step-2: Framing the normal equations of the correlates 


There will be (n + 2) correlates and the normal equations for the correlates will be written in 
matrix form. The size of the coefficient matrix will be (n + 2) x (n + 2). The column vectors of 
correlates and constants will have (n + 2) elements. 


Let fi Б. fs ес. = the differences for 1” of log sin of the angles х 10° 
Fo =fi-h 
F34 = h- fa 
Fsg = }5 – fo 
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ов уул = faa Son 
F = f+ p ተ.........ት 2 
The coefficient matrix of normal equations is formed as below. 
(i) Write the diagonal elements from (1,1) to (n + 2, n + 2) as 3, 3, 3,.....,3, n, and F. 
The (n+2, n+ 2)5 element is F° and (n + 1, n + 1)th element is и. 






























































11 г2ј зј4ј|. | |. | ан | на 
1 |3 
2 3 
3 3 
4 3 
3 
ዘ+1 п 
n+2 Е? 
(1) Write Fiz, Рзд, Fse... Fo, тол» and 0 in the (n + 2)th column from Ist row to (n + 1)th 


row and in the (n + 2)” row from Ist column to (n + 1)® column. It may be noted that 
the values of the (n + 2, n + Тус element and (n + 1, n + 2)7 element are zero. 


7121251!ፉ!› |› В п+1 n+2 
3 Ер 
3 F34 
Е 
3 Ең 














һом рм 
ө 











3 Fon-1)2n 





п+1 п 0 



































n32|Fi|Faj|Fse|Fog| . |. (Fondan 0 F 





(iii) Write 1 as the value of the remaining elements of the (n+1)th column and the (n+1)th row, 
and zero for all the remaining elements of the matrix. 





























1121314 п+1 ዘ+2 
113 0 10 0 0 1 Ер 
210131010 0 1 Fa 
3/0/0/3/0 0 1 F56 
4/0/0/0/3 0 1 Fig 

ооо [0 1. |. 3 1 Fon-t) 2n 

nell |1 (а (1 |. |. 1 п 0 
п+2|Ер | ይሬ,|ያ% | Езв | . . |Ропал)2л 0 F 
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(iv) Wrte the elements of column vectors of the unknown correlates and the constants as 
shown below and this is the final form of the matrix of the normal equations. 





























1121314 п+1 ዘ+2 
113101010 0 1 Ес А С, 
2101310(0 0 1 F34 № Cz 
3101013(0 0 1 Е А Сз 
410101013 0 1 Ез А 2 C4 20 
о1о [о о. |. 3 1. | Fen-n an М ር 
ዘ+11 | 1 | 1 |1 : К 1 п 0 Аы Сън 
п+2| Ер | Ед Fse | Ев |. |Ерьм| 0 F Йә Cu 















































Now the normal equations can be solved directly using the matrix for the values of the 
correlates. For small values of л, the equations can be written as under and can be solved for А, 


А, Ад, etc. 
3/ ተ a SEPA C,=0 


п+2 


BA, ተ Fag Ang C550 


п+1 


3A, ተ) ተ Ев 7 С,-0 
34, DEAL ДЕТЕТО, nee Си =0 
AtA ተ... A, ተኤ ጆቫ“ Си =0 
Е»А РА +... Е ауа +Е?А, 2 — C42 =0 


Step-3: Calculate the values of the corrections еј, e», ез,... ез, to the angles using the following 
expressions which can be framed up to the desired numbers by noticing their pattern and similarity 
in Type-1 and Type-2 equations. 


Type-1 Type-2 
e, = А+ ЛА € = Ay + А 
€; = 41 = БА епо = № + Аы 
ፀ3ፌ3 = #3 + А 
ез= А+ ДА 
€4 = 5- ЈА 
«3፡-2 = 4-2 + А 
es = А+ БА ез = Any ተ Аы 


е = Аз — Јово ез = А ተ А 
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Con3 = Ana ተ Бзд 


Con2 = Ana — /2፡-2ፆነ-2 


Cont = Ant Гилан 
Con = А = Лин 
Step-4: The most probable values of the angles аге 
0, + е, 
0, + е, 


0, + е» 


бура ተ ез1 
Өз + “38 


Example 5.15 has been solved by this method to help the students understand the method more 
clearly. 


Example 5.1. A distance is measured six times with following results: 
74.31 m, 74.28 m, 74.32 m, 74.33 m, 74.30 m, 74.31 m. 
Determine the most probable value of the distance by least square method. 


Solution: 


Let the most probable value of the distance be | . If the six observed values of the distance 
are L, b, 15, ly, 15, and J, and the respective residuals аге 0), 1, 1, V4, Us, and ህሪ then 


Um f-d Wed деј 
v, = Î- Lly; vs = [= Is; v= f- lę 
From the least squares principle, we have 
ф = v +02 +02 +0 +02 +02 = а minimum 
“ори =LY +d=L 40-19 Ы)? = a minimum. 


For ó to be a minimum 


аф А : : : : А 
qi = X-24-5)«2d-5)206-1,)*2d 1) 20-1) = 0 


ӨГ = 1+1,+1+1,+1;+Ь% 
; 1-1,-1,-1,41,-4, 





6 
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74.31+ 74.28 + 74.32 + 74.33 -- 74.304 74.31 
6 





74.31 m. 
Example 5.2. An angle was measured six times by different observers and the following values 
were obtained: 
42?25'10" (2), 42?25'08" (1), 42225709” (3), 42225707” (2), 42225711” (3), 42225709” (2). 
The values given in the parentheses are the weights of the observations. Determine the most 
probable value of the angle using least squares. 


Solution: 
Let the observations be Ол, 05, Оз, Од, 05, апа Од and their respective weights аге 0), 0, 
004, 004, 005, and 0. If the most probable value of the angle is бапа the respective residuals are 
Vy, "3. V3, U, Vs, and Ve then 
v= ቋ- 0; v= ቋ- 0; v= ፅቋ-ሟ 
v= б- 04; 05 = б- 05; Ve = A- A. 
From the least squares principle, we get 


= 8 2 2 2 2 5... 
ф = фо; +005 + 0,0; ተወ + 0505 +00, = а minimum 


(2--ዐ,)? +(@-о„)°+(@-о)°+(@-о)? (ба)? +(@-о)? 
= a minimum. 

For ó to be a minimum 

аф 2@|(@ —0) 20, (& — о) + 200, (д — о.) + 20, (@—о„) 

dá — |+2в,(@-о.)+2®„(@-—-о) 





= 0 


ወዐ, + 0,0 +0305 об + 0,0. ተጨ 
(0, +0, +0, + ©, + ©, +0, ) 





2 


2x10" -1x8" -3x9" -2x7" -3x1l' -2x9" 
(214-342-3242) 





= 42°25’ + 


= 42°25’9.2”. 
Example 5.3. Three angles of a plane triangle were measured and the following values were 
obtained: 


Ө, = 52733“; 0, = 64945“, 0, = 622939”. 
Determine the least squares estimates of the angles. 
Solution: 
Let the most probable values of the angle = б, ô», 6, 


the respective residuals = 0), 0, 14. 


180 


We can write now that 


In a plane triangle, we have 
6, + 0, + 0, = 
ог (Ө, + 0) + (6; + v) + (ዉ+ v) = 


VD, + V, + D3 = 


or ሀ; = 


From the least squares principle, we have 


99 


Therefore, op 
1 


90. 


д2, 


ог 20| +0, 


0+ 20, = 
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0 + т, 
0, + 2, 


ዉ+ V3. 


180° 

180° 

180° – (0, + 0, + Ө) 

180° — (529337 + 64°45’ + 62°39’) 
180" - 179°57 = + 3’ 

3’ — (VD, + Vy). 


v? +07 +0; = a minimum 


02 +02 - (3/—v, -v,)* = a minimum. 
2v, —2(3’—v, -0,) = 0 
20, -2(3’—v, -0,) = 0 


8“ 


a 


The above equations are the normal equations for v, and v,. The solution of these equations 


yields 

Ui = 

V = 

V3 = 

Thus the most probable values of the angles 

6, = 

0, = 

0, = 

Total = 


1' 

1' 

3-1-1-1. 
аге 

52"33' + 1' = 52"34' 
64°45' +1' = 64746/ 
62"39' + 1' = 62"40' 
180" (Check). 
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Example 5.4. The angles for the figure of a triangulation scheme shown in Fig. 5.3 were 
measured as under. 
Ө, = 44?42/00"; 8) = 43?48'00"; 6, = 42206700” 
Ө, = 46?00“00“. Ө, = 44231127, Ө, = 48252748” 


A 








Fig. 5.3 


Solution (Fig. 5.3): 
For the most probable values of the angles from Аз ABC and BCD, we get 


6, + 6, + 0, + 6, - 180? 


Ô; + 0, + Ô; + 0, = 180°. 
Therefore for the respective residuals 0), U,, 0. etc., we have 
VD; + Dy + 0, + U, = 180? - (ወ, + 0; + 0,4 ቧ.) 
= 180" – 17970112" 
= 58748” 
= 0.98? 
Vz + 0, + Vs + 06 = 180? – (0, + Ө, + 06; + 09 
= 180" – 179?18'00" 


= 42/00" 

= 0.70“. 
The above two condition equations can be used to have four independent unknowns. Thus 
VD, = 0.98? — (V, + V3 + 0j) ...(a) 
06 = 0.70? — (б, + V4 + Us). ...(ከ) 


From the least squares theory, we have 
ф = v? +v +v? +v} +v +02 = a minimum ...(c) 
Now using Eqs. (a) and (b), Eq. (c) becomes 
ф = (0.98 — D2- V3- v — v4) + v) + VF + 02 + V2 + (0.70— 0. — 4 — vs) 


= a minimum. 


182 


Differentiating @ partially, we get 


99 


dv, 





99 





Ov; 


99 


Ov, 


аф 


= 2(0.98-v, –0, –0,)х(-1)+20, = 0 





Ov; 


By clearing and rearranging, we get 


2ሀ3 + Vz + U4 


V, + 30, + 20, + Ds 


V, + 20; + 30, + Ds 


ሀ; + V4 + 20; 


The above equations solve for 


and from Eqs. (a) and (b), we have 


9 
V3 
U4 
Us 


Ui 
Ug 


Therefore the most probable values of the 


ө, 


= 20, + 2(0.70-0, -0, — v; )x (-1) = 0. 


= 0.98 
= 1.68 
= 1.68 
= 0.70 


= 1236" 
= 1648" 
= 1648" 
= 412” 


= 12/36" 
= 412”. 
angles are 
= 44"4200” 
= 46?00'00" 
= 43?48'00" 


= 44931127 


= 430448“ 


= 44948700” 
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2(0.98—v, -- 5; -—v,)x(-1) +20, + 2(0.70- v, -v, -v,)x(-D) = 0 


= 2(0.98—v, v, -v,)x (CD) - 2v, + 2(0.70 0, v, -v,)x (71) = 0 


+ 12/36" = 44954736” 


+ 12/36" = 46212736” 


+ 16/48" = 44904748” 


+ 1648" = 44?48'00" 


Total = 180? 


(Check). 
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^ 


Ө; = 42?06'00" + 04712“ = 42210712” 


6, = 48952748” + 0412" = 48?57'00" 
Total = 180? (Check). 


Example 5.5. In Fig. 5.4, the observed values of the distances AB, BC, CD, AC, and BD are 
as 50.000 m, 50.070 m, 50.050 m, 100.090 m, and 100.010 m, respectively. Determine the adjusted 
values of AD assuming that all the observations are of equal reliability and uncorrelated. 





A B ር ዐ 
Fig. 5.4 
Solution (Fig. 5.4): 


Let the distances AB, BC, CD, AC, and BD te |, bL, l, 1, and [5, respectively. Since to 
determine AD minimum of three distances are /, lẹ, and l, are required, let their most probable 


values be b ‚ Г, апа Iu respectively. Assuming the residuals of the five observations as 2), 2), U3, 


V4, and Us, we have 
y= 1-4 
v= 1, - L 
v= 1, – /; 
v= 1+ 1-4 


V; = Pes 1, = Is. 
From the theory of least squares, we have 


=з oix aye A E 
= 0 +V; ተህ; +0, +0; = a minimum 


d, 1)2 +0, 1,920 ВД d, LY +(ዕ - 1, I)? = 8 minimum. 
Differentiating the above equation partially, we get 


99 ል ል ል 
3 = 20 -1)«2d «i, -1) -0 








9 

of, = 2(b-Lb)*2, +1, -L) +20, 44-41) =" 
ao 2 

ЭГ, -020,-1,)-20(,41,-4,) = 0 


ог 2141 =һ +1, 
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Ї +3, መን ተር 


2], +1, =å +1; 


ог 21 +1, = 50.000 + 100.090 = 150.090 
Ї +3[, +1, = 50.070 + 100.090 + 10.010 = 250.170 
21 + = 50.050 + 100.010 = 150.060 
From Eq. (c), we get [, = IUOS 
From Eq. (a), we get i, = 150.090— 2], 


2 


Now substituting the values of L and Г, in Eq. (b), we get 


i+ 3x (150,090~2/,) +x{150.060~(150.090~2i,)}=250 170 





41, = 200.085 
i, = 50.022 m 
From Eq. (e), we get L = 150.090 - 2 x 50.022 
= 50.046 m 
А 150.060- 50.046 
From Eq. (d), we get L= 2 
= 50.007 m 
Thus the adjusted distance AD = 50.022 + 50.046 + 50.007 
= 150.075 m. 


Example 5.6. Find the least square estimate of the quantity x from the following data: 





x (m) Weight 
2x = 292.500 | ወ) = 1 
Зх = 438.690 | 0, = 2 
4х = 585.140 | ወ; = 3 

















Solution: 


Let ፲ = the least square estimate of x and 


...(a) 
...(b) 


sae) 


...(d) 


...(e) 
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or 


Vi, Uy, 03 = the residuals of the three observations. 
Therefore v= 2X — 292.500 
VD, = 3X — 438.690 
v= 4X — 585.140. 


From the theory of least squares, we have 


ф= OV, + QU, + QU, = a minimum 


= 1x(2% — 292.500 + 2х(3 ፳ — 438.690)? + 3444 — 585.140)? = a minimum. 


Therefore 


d А А ^ 
æ- 2х1х(2Х — 292.500)x2 + 2x2x(3 х — 438.690)x3 + 2х3х(4х - 585.140)x4 = 0 
X 





4X —2 x 292.500 + 18€ — 6 x 438.690 + 48X - 12 x 585.140 = 0 
70$ = 10238.830 


፳ = 146.269 m. 
Example 5.7. Adjust the following angles of a triangle ABC by the method of correlates. 
ረ A= 86?35'11.17 @, = 2 
ረ B= 42°15'17.0” @, = 1 
ረ C= 51709734.0“ 0; = 3 


Solution: 
For a triangle, we have 
A+B+C= 180° 
(A + B + С – 180°) = Error = Е. 
Therefore 
Е = (86?35'11.1" + 4271517.0” + 51°09°34.0”) - 180° 
180°00’2.1” — 180° 
+ 2.1” 


Correction = — 2.1”. 


Let the corrections to the angles A, В and С Бе еј, e; and ез, respectively, then 
ej ፀ3ተ e= - 2.1” ...(a) 
From the least squares criterion, we have 
ф= ое”, фе. + ዉሮ”, = a minimum. ...(b) 
Differentiating Eqs. (a) and (b), we get 
de = de, де, + de, = 0 4848) 


0ф= 0де +0, де, + @,0e, 20 ...(d) 
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Multiplying Eq. (c) by —A and adding the result to Eq. (d), we get 


-À x (де +de, + de, ) + де +@, де, + оде, =0 


Or (Фе, - Aye, +(0,е, -4 ye, t (ю,е, -4 e, =0 
Therefore 

ሓዲ 

(@,e,-A)=0 or @ E^ 
_A 

(@,e,-A)=0 or © то, е) 
E. 

(@,e,;-A)=0 or 5 To, 


Substituting the values of еј, e, and е; in Eq. (a), we get 


ር леб 
о 0, 0, 
= 2] 
A= > ы ^" 
| 1 ТА“ 1.15”. 
2 1 3 
Now from Eqs. (e), we get 
-1.1 F 
е, ። ЖЕТ 
2 
€ -መ--1:፻ е, = =-038", 


Therefore, the most probable values of the angles are 
ረ А = 86?35/11.1" — 0.57" = 86735'10.53" 
ረ B= 42°15'17.0” — 1.15" = 42?15'15.85" 
ረ C= 5190934.07 — 0.38" = 51?09'33.62" 
Total = 180° (Check). 


Example 5.8. Determine the adjusted values of the angles of the angles A, B and C from the 
following observed values by the method of differences. 


A = 39?14715.37 
В = 31?15/26.4" 
С = 42°18'18.4” 
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A+B 
B+ С 


70229745.2” 
73°33'48.3” 


Solution: 
If k,, А and А are the corrections to the angles A, В and C, respectively, then 
A 39?14715.3“ + А, 
В = 31°15°726.4” + k, 
С = 42?18/18.4" + k3 ...(a) 


A + B = (39?14/15.3" + 31°15°26.4”) + k, + k, 
= 70?29'41.7" + ky + k 
В + C = (31°15'26.4” + 42°18'18.4") + ky + k, 


= 73?33'44.8" + К + К» 
Equating Eq. (a) to the respective observed values, i.e., 
39?14715.37 + Кү = 39?14715.37 


31?15/26.4" + k, = 31°15726.4” 
42?18'18.4" + А = 42°18'18.4” ...(ከ) 
70?29'41.7" + k, + А = 70229745.2” 


73933744.87 + k, + ЁК» 
Eq. (b) reduce to 


73?33'48.3" 


k =0 
К = 0 
Кз = 0 «s AB) 
k+ К, = 3.5 
ky + k = 3.5 
Forming the normal equations for у, k) and k3, we get 
2k, + ky = 3.5 
ki + 3k, + Кз = 7.0 
ky + 2k = 3.5 
The solution of the above normal equations gives 
k, = 0.88” 
፳ደ:ሙ 1.75” 
kz = 0.88". 


Therefore, the most probable values or the adjusted values of the angles are 
A = 39?14'15.3" + 0.88” = 39“14716.18“ 

B = 31715264" + 1.75“ = 31*1828.15" 

= 42?18/18.4" + 0.88" = 42218719.28”. 
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Example 5.9. The observed differences in level for the points in a level net shown in Fig. 5.5 


are given below: 























Q P h, = 6226 
S Q h, = 5.133 
5 Р 8; = 11.368 
Q R hy = 23.521 
5 R hs = 28.639 
P R hg = 17.275 





Determine the most probable values of the elevations of О, R and 5 if the observations are 
uncorrelated and of equal reliability. 


Solution (Fig. 5.5): 


^ 


Let h, : Л, ‚эе = the most probable values of the differences in level, and 
Vy, Vz, ..., Ug = the respective residuals. 
Designating the elevation of the point by its own name, we can write 


Q- P+ h= О – 150.020 + h+ v 20 
Р (B.M. = 150.020 m) 
S- Q+ = 5- О+ + ü = 0 Ш м 


^ 


S- P+ ጴ= # - 150.020 + h+ 0 = 0 ..(à о 


Q-R* h-Q-R*h,* о = 0 
S- R+ = S- R+ h* v5 = 0 Fig. 5.5 


P- R+ h,= 150.020 – К+ he + 0, = 0 
Substituting the values of Л), h, /;, etc., in Eq. (а), we get 
v, = 143.794 - Q 
v = Q- S- 5.133 


v, = 138.652 - 5 ...(b) 
v, = R- Q - 23.521 
V; = К — S + 28.639 


Us = R — 167.295 


Applying the least squares criterion, we get 


ф = ፲፻ +02 +02 +0; +02 +02 = a minimum E 
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= (143.704 — OF (0 — S = 5.133) + (138.652 — S}? 
+ (Ё- О - 23.521) + (R — S + 28.639)" + (R — 167.295): 
= a minimum. 
To minimize ф 


9 
30 = — 2(143.794 — Q) + 2(ዐ -- S — 5.133) - X(R - Q – 23.521) = 0 


дд 
OR 


д 
i = — 2(0 – 5- 5.133) - 2(138.652 -- S) - 2(R – S + 28.639) = 0 


= 2(R — О - 23.521) + 2(R — 5 + 28.639) + 2(R — 167.295) = 0 


By clearing and collecting terms, we get 
30- R- S = 125.406 
- О ተ 3፳ -- 5 = 219.455 ...(d) 
—Q-R + 35 = 104.880 


The solution of the above equations yields 


Q - 143.786 m 
R - 167.298 m 
S = 138.654 m. 


Alternative solution: 


The normal equations given by Eqs. (d) can directly be formed as given in Sec. 5.4. Let us 


write the coefficients of the unknowns О, Ё and S and the constants of Eqs. (b) in the tabular form 
as given in below: 


























Coefficients Constant 
Q R 
— 1 0 143.794 
+1 0 |-1 — 5.133 
0 0 |-I 138.652 
-1 |+1 0 — 23.521 
+1 | ፦ 1 | - 28.639 
+ 1 0 | - 167.295 














To obtain the normal equation for О 


The coefficients of О appear in first, second and fourth lines. Multiply the first line by (-1), 
the second line by (+ 1) and the fourth line by (— 1), and add them. The result is 
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[(— 1) х (-- 1)0 + (— 1) х OR + © 1) x (0)5 + С 1) х 143.794] + [+ 1) х (+ 00 
+ (+ 1) х ОК + (+ 1) x (--1)5 + (+ 1) x (— 5.133] + [(- 1) х C 00 + (- 1) х (+ 1) 
R+( 1) x (0)5 + © 1) x © 23.521)] = 0 

or 30-R- S = 125.406 ...(e) 
To obtain the normal equation for R 


The coefficients of R appear in fourth, fifth and sixth lines. Multiply the fourth line by (+ 1), 
the fifth line by (+ 1) and the sixth line by (+ 1), and add them. The result is 


[(+ 1) x C 00 + (+ D x (+ 1)R + (+ 1) х OS + (+ 1) x (--23.521)] + [(+ 1) x OO 
+ (+ 1) x (+ DR + (+ 1) x CDS + (+ 1) x © 28.639)] + [G- D) x ОО + (+ 1) х (+ 1) 
R + (+ 1) x (05 + (+ 1) x © 167.295)] = 0 

ог - О +3፳ -- S = 219.455 ...(f) 
To obtain the normal equation for S 


The coefficients of 5 appear in second, third and fifth lines. Multiply the second line by (— 1), 
the third line by (— 1) and the fifth line by (— 1), and add them. The result is 


[(— 1) х (+ DO-(- Dx OR+C )ухс 1)5 + (- Dx © 5.133] + [C D) x OO 
+ (- 1) x (OR + © 1) x (--1)5 + © 1) х 138.652] + [C 1) x (00 + (C D x (+ 1) 
ЕК + (— 1) х (— DS+ © 1) х © 28.639)] = 0 

ог — О — R + 35 = 104.880. ...(g) 


Comparing the Eqs. (e), (f) and (g) with Eqs. (d), we find that they are same. It will be realized 
that we have automatically carried out the partial differentiation of ф demanded by the principle of 
least squares. 





Example 5.10. Determine the least square estimates of the levels of B, C, and D from the 
following data for the level net shown in Fig. 5.6. The level difference for the line A to B is the 
mean of the two runs, all other lines being observed once only. 





Length | Level difference (m) 
(km) Rise (+) | Fall С) 
A to B 22 42.919 - 





Line 

















Bto С 12 - 12.196 
Bto D 25 Е 20.544 
Сю D 22 - 8.236 
D to A 32 Е 22.557 














Solution (Fig. 5.6): 
Assuming the distance being equal for the back sights and fore sights, the accidental errors may 
be taken as proportional to ህ ( number ofinstrumentstations ) and hence proportional to 


4 (length of line ). Accordingly, the weights of the observations can be taken as inversely proportional 
to the square of the errors and, therefore, can be taken as the reciprocal of the length of the line, i.e., 
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1 
= 
1. 
(Л 
1 
TJ 


Fig. 5.6 


From Fig. 5.6, we find that there are three closed circuits of level runs, namely ABCDA, 
ABDA, апа BCDB. Only two out of three are needed to determine the most probable values of 
differences in level. In choosing the two out of three, the compatibility of the level nets must be 
ensured through the directions of levelling. The level nets shown in Fig. 5.7a are compatible but 
the level nets shown in Fig. 5.7b are not compatible as to maintain conformity along BD in the two 
nets ABDA апа BCDB, the second net has to be considered as BDCB. In doing so the falls from 
B to C and C to D are to be taken as rises from C to B and D to C, respectively. Therefore, the 
level nets in Fig. 5.7 a will be used to avoid any confusion. 


In each of the closed circuit the following condition must be satisfied: 

У Rise = X Fall. 
Let the corrections to be applied to the differences in level be е, ej, ез, ед, and es. 
In circuit ABCDA 


Error = + 42.919 - 12.196 - 8.236 - 22.557 = — 0.070 m 


Correction = + 0.070 m. 






—20.544 Y 








Fig. 5.7 
In circuit ABDA 
Error = + 42.919 — 20.544 — 22.557 
= — 0.182 т 


Correction = + 0.182 m. 
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+ 42.919 


- 20.544 Y 











(b) 
Fig. 5.7 
Thus we have the following condition equations. 
еј ке + ез + e, = 0.070 
е + e+ es = 0.182. 
From the least squares principle, we have 
ф= Фе? + Qe, + Qe, + юе? + wse?; = а minimum 
Differentiating partially Eqs. (а) and (b), we get 
де, + de, + де, + de, = 0 
де, +de, + де; = 0 


оде, + @,0e, +@,0e, +@,0e, + 0,0e, =0 
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...(a) 


4445) 


C) 
...(d) 
...(e) 


Multiplying Eq. (c) by —A,, Eq. (d) Бу —A,, and adding the results to Eq. (e), we get 


—A,(Ge, + de, + de, + де) -- A( de, + de, + де; ) + оде +@,0e, + 00,0e, +@,0e, + Ode, =0 


Or (Фе, — 4, — А, de, +(0,е, —A, de, + (0,6, — A )дез 
+ (юле, —À, —A, de, + (0;е; —A, de; = 0 


Since де, de,, etc., are independent quantities, we have 


ሓ+ኋ 
(@,e,-A,-A,)=0 ог NT እ. 
А 
(Фе, -—A,)=0 ог gn 
_А 
(юе, —À,) 20 or ез To, 
À +A, 
(Q,e, —À4,—À,)20 or €4— —— 
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4, 
0; 





Сга = 4.) ог e5 = 


Now taking weights inversely proportional to the length of run, we have 
2 X 2 23 
эг. ДИ х 


Two runs were made on the line AB апа ће mean value of level difference is given. We know 
that 


0), = 





m ዐ 
m 
vn 
and 0,0, =ወዐ” 
therefore, On = 2 сло, ...(f) 


Eq. (f) relates the weight of the mean of n observations to that of the single observation. 
Hence, for the observation made for the line AB, which is mean of two observations 


n-22 
14: 
© = 7 20 
2 1 
ወ= =#ወ=::>-... 
22 11 


Therefore 
е, = ПО +), ወ =12A,, ል = 2224, ል = 32(እ.| À5), ል = 25... 
Substituting the values of еј, бо, ез, ед, and е; in Eq. (a), we get 
TIÀ, + 434, = 0.070 
434), + 6843 = 0.182 
A, = - 0.0009 
A, = + 0.0032. 


Therefore 


e,=11x(—0.0009+0.00032) = + 0.025 т 
e,=12x(-0.0009) = — 0.012 m 
e,=22x(-0.0009) = — 0.020 m 

e,-32x(-0.0009--0.0032) = + 0.074 m 

е,-25х0.0032 = + 0.080 m. 
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Therefore the most probable values of the level differences are 
A to B = 42.919 + 0.025 = + 42.944 m 
В to C = - 12.196 — 0.012 = - 12.208 т 
B to D = — 20.544 + 0.080 = – 20.464 m 
Сю D = - 8.236 - 0.020 = - 8.256 m 
D to A = — 22.557 + 0.074 = — 22.483 m. 


If the level nets shown in Fig. 5.7b are considered, the falls from B to C and from C to D 
in the net BCDA are to be taken as rises from C to B and from D to C, respectively. 


Error in ABDA = + 42.919 - 20.544 — 22.557 = — 0.182 m 
Error in BCDB = + 12.196 - 20.544 + 8.236 = - 0.112 m 


Therefore, 
е ке + eg = — (- 0.179) = 0.182 m 
e, + es + ез = — (- 0.112) = 0.110 m. 
Following the steps as given above for Fig. 5.7a, the values of the corrections would be 
е = + 0.025 m 
€; = + 0.012 m 
ез = + 0.020 m 
e, = + 0.074 т 
е; = + 0.080 m 


and the most probable values would be 


Ato B = 42.919 + 0.025 = + 42.309 т 
Cto B = + 12.196 + 0.012 = + 12.025 m 
Bto D = — 20.544 + 0.080 = - 20.157 m 
Dto С = + 8.236 + 0.020 = + 8.132 m 
D to A = - 22.557 + 0.074 = - 22.152 m. 


Now taking rises from C to В and from D to C as falls from B to C and from C to D, 
respectively, we get the same values of the most probable values of the level differences as obtained 
considering the nets shown in Fig. 5.7a, i.e., 


А to B = + 42.309 m Bto С=- 12.025 m 
Bto D = — 20.157 m C to D = – 8.132 m 
D to А = - 22.152 m. 


Example 5.11. The mean observed values of a spherical triangle ABC are as follows: 
a = 55?1824.45" Фу = 1 
В = 62223734.24" 0, = 2 
y = 62218710.34” 0; = 3 


The length of the side BC was also measured as 59035.6 m. If the mean earth's radius is 6370 
km, determine the most probable values of the spherical angles. 
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Solution (Fig. 5.8): 
In a Spherical triangle ABC, we have 
A+ B+ C- 180° = Spherical excess = е. 
Thus for the given angles 
€ = а + ይ + ү - 180° 
55?18/24.45" + 62923734.24“ + 62°18'10.34” -- 180° 
180"00'9.03” -- 180" 


= 9.03”. 
The spherical excess is given by А 
€ А d | ? 
= —». —, Seconds 
R?sinl 
B 
where i n Ue 
1 ,sinfsin Fig. 5.8 
Ay = = а? Quid y 
2 sin @ 


R - the mean radius of earth, and 
а = the measured length of BC. 


In determination of Ар, spherical excess being a small quantity, taking the observed angles 
directly would not cause appreciable error in е. Therefore, 


1 


Ay = 2x 59035,62 511(62°23'34.24”) зїц(62918710.347) 
057 й 
2 





sin(55?18'24.45") 
= 1665.5940 sq km 
” p 16693980, ы, = gar. 
6370 


Theoretical sum of the angles = 180" + € = 180? + 8.47” = 180°0078.47” 
180°0079.03” — 180°0078.47” 
0.56” 


Correction = — 0.56”. 


Thus the total error in the angles 


If the corrections to the angles œ, D, and y are е, ёл, and ез, respectively, then 
еј ке, + ез = — 0.56" ...(a) 
From theory of least squares, we have 
ф = Me", + ае, де? = a minimum. ...(b) 
Differentiating Eqs. (a) and (b), we get 
de, +de, + de, = 0 ile) 


@,0e, + @,0e, +@,0e, =0 ...(d) 
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Multiplying Eq (с) by —A and adding the result to Eq. (d), we get 
(Фе, — А)де, + (Qe, — А)де, +(0,е, – А)де, = 0 


А 
ог (Фе, -4)=0 or ат =} 
_A à 
(@,e, —A)=0 or T =. 
143 4 
(ое – А)сО ог Юнг” то 


Now substituting the values of еј, ез, and е; in Eq. (a), we get 


деа и 
2. 3 





. 6፡0.56 
п 
А = — 0.305”. 
Thus e, = — 0.305" 
е, = — 0.153“ 
ё = 0102" 


Therefore, the most probable values of the spherical angles are 
a = 55?18/24.45" — 0.305" = 55°18'24.14” 


В = 62?23/3424" - 0.153" = 62?23'34.09" 
y = 62*18'10.34" — 0.102" = 62^18'10.24" 
Total = 80°00’08.47” ^ (Check). 
Alternative solution: 
The corrections to the individual angles can be taken as inversely proportion to their weights, 


1.е., 


Therefore е, = 2 € 
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Substituting the values of ёл, and ез in Eq. (a), we get 





6x0.56 
e =- 
11 
e, = — 0.305” 
and е, = — 0.153” 
азга = О0о" 


These corrections аге ће same as obtained from the least squares principle and, therefore, the 
most probable values by applying these corrections will be the same as obtained above. 


Example 5.12. A braced quadrilateral ABCD as shown in Fig. 5.8, was set out to determine 
the distance between A and B. The mean observed angles are given below: 


0, = 43948722”, 0, = 49°20'43”; 
Ө, = 38736/57"; Ө, = 33204756”: 
0, = 33°52/55”; 0, = 50*1043^; 
Ө, = 6341/24"; 0, = 47°23728”; 


Adjust the quadrilateral by 
(a) Approximate method 
(b) Rigorous method. 
Solution (Fig. 5.8): 


A braced quadrilateral has the following four 
conditions to be satisfied: 


(i) 0; + 0; * 0, + 0, * Ө; + Ө + ወተ 0, = 360° 
Or 5:0 = 360° 

(ii) Ө + 0, = Ө; + €, 

(iii) Ө, + Ө, = Ө, + 6 

(iv) log sin Ө, + log sin 0, + log sin 05 + log sin 6; 








= log sin 6, + log sin 0, + log sin 6, + log sin 6 
Or X log sin (odd angle) = X log sin (even angle). 
(a) Approximate method 
Satisfying the condition (7) 
XB = 3595928" 
Total error = 359°59’28” — 360? = - 32” 


Correction C, = + 32". 


If the corrections to the angles be е), е», ез, etc., then 
е + €5 t ез t €4 + es t е6 + €, + ев = + 32” 


Distributing the total correction to each angle equally, we get 
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е, = е› = ез m е, = е; = е, = еу = eg m =V 
Therefore the corrected angles are 
Ө, = 432487227 + 4” = 43248726” 
Ө, = 38?36/57" + 4” = 38237701” 
Ө, = 33°52/55” + 4” = 33252759” 
Ө, = 632417247 + 4” = 63241728” 
Ө; = 4922(/437 + 4” = 49?20'47" 
0, = 33?04'56" + 4” = 33205700” 
Ө, = 50"10:43” + 4” = 50210747” 
0, = 47?23/28" + 4" = 47?2332" 
Total = 360?00'00" (Check). 
Satisfying the condition (7) 
6,+ 0 = Ө; + 6, 
0, + Ө, = 43°48’26” + 38°37'01” = 82°25'27” 
Ө; + O = 49?20'47" + 33°05’00” = 82225747” 
Difference = 20” 
20 


Correction to each angle = =" 


4 


The signs of the corrections C, to angles Ө), Ө», 05, апа @ are determined as below. 


Since the sum of 0, and 0, is less than the sum of Ө; and 6, the correction to each Ө; and 
0,,, is + 5" and the correction to each 6; and Ө}, is — 5”. 


Therefore the corrected angles are 
Ө, = 43?48/26" + 5" = 43248731” 
Ө, = 38°37'01” + 5" = 38237706” 
Ө; = 49920/47“ — 5” = 49?20'42" 
G = 33°05'00" - 5" = 33904755” 
0, + 0, = 82?25/37" = Ө; + O (Check). 
Satisfying the condition (iii) 
0+ 0, = 04+ 6, 
0, + 0, = 33°52’59” + 63241728” = 97934727” 
Ө, + 0, = 50210747” + 47*23'32”= 97934719“ 
Difference = 8” 


Ш 
ኩጋ 
E 


Correction to each angle = 


+ | оо 
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The signs of the corrections C, to angles Ө», 0,, 0;, and 0, are determined as below: 


Since the sum of Ө, and Ө, is more than the sum of Ө; and Ө», the correction to each Ө; and 
0,, is — 2" and the correction to each 0; and Өр, is +2”. 


Therefore the corrected angles are 

Ө; = 335250" = 2“ = 3375257" 

Ө, = 63?4128" — 2" = 63941726” 
2" 
2” 


+ 


0, = 50910747” = 50910749” 
0, = 47223327 + 2" = 47923734” 
0, + Ө, = 97°34723” = 0; + Ө, (Check). 
Satisfying the condition (iv) 


The following computations involve the values of (log sin) of the angles which were determined 
using a log table before the inception of digital calculators. As the students now, will be using the 
calculators, the method of determining the values of (log sin Ө) and other quantities using a 
calculator has been used here. 


The corrections to the individual angles for satisfying the condition (iv), is given as 


€, = "у seconds ...(a) 


шар 
where 
the difference 1” for log 8186, multiplied by 10°, i.e., 
[log sin(@, + 1”) — log sin Ө,] x 10°, 
[X log sin(odd angle) — X log sin(even angle)] 


= 
ዘ 


Q 
Ш 


х 10° ignoring the signs of © log sin(odd angle) 
and X log sin (even angle), and 


уу? = the sum of squares of fi, р, Л, etc., i.e., 


АД +; +ያ ++. 
The sign of the corrections C, is decided as below. 


If X log sin(odd angle) > X log sin(even angle), the corrections for odd angles will be positive 
and for the even angles negative and vice-versa. 


Calculating the values of log sin(odd angle)'s, ignoring the signs 
log sin 0, = log sin (432487317) = 0.1597360, f, = 22 
log sin Ө; = log sin (33°52’57”) = 0.2537617, f3 = 31 
log sin 05 = log sin (49?20/42") = 0.1199607, f; = 18 
log sin 6, = log sin (50?10/49") = 0.1146031, f, = 18 
X log sin(odd angle) = 0.6480615 
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Calculating the values of log sin(even angle)'s, ignoring the signs 

log sin Ө, = log sin (38°37'06”) = 0.2047252, f, = 26 

log sin 0, = log sin (63?41/26") = 0.0474917, f, = 10 

log sin 0, = log sin (33°04’55”) = 0.2629363, f. = 32 

log sin 0, = log sin (47°23’34”) = 0.1331152, № = 19 

X log sin (even angle) = 0.6482684 

[5 log sin (odd angle) — X log sin (even angle)] x 10° 
(0.6480615 — 0.6482684) x 10° 
2069 (ignoring the sign) 
and Xf? = 227 + 262+ 31? + 10? + 18? + 322 + 18? + 19? = 4254. 


Since X log sin (odd angle) < X log sin (even angle) the corrections сү, сз, cs, and су will be 
negative, and с», сд, се, and cg will be positive. 


©» 
Ш 


Therefore, 





2069 2 2069 ; 

Thus ср = 22x 4254 = - 107“ с; = 18 x 4254 =፦ 8.8 
2069 " 2069 Ч 

сай асгаж 

3222 ብ iga L 88” 

oe sc ie Sq эг” зө 

= 10 дш. = 4.9”; = 19 = = 9.2” 
Сд = x 4254 = + . 5 Cg = х 4254 = + РА 


Therefore the adjusted values of the angles are 
Ө, = 43°48731” — 10.7”= 43?48'20.3" 
Ө, = 38°37'06” + 12.6" = 38°37'18.4” 
Ө, = 33°52/57” — 15.1”= 33°52/41.9” 
Ө, = 63?41/26" + 4.9” = 63?41'30.9" 
Ө; = 49°20'42” — 8.8” = 49“20733.2“ 
Ө, = 33?04'55" + 15.6” = 33“08710.6“ 
0, = 50°10°49” — 8.8” = 50°10'40.2” 
0, = 47?23/34" + 9.2” = 47?23'43.2" 
Total = 359°59’58.7” | (Check). 


Since there is still an error of 1.3”, if need be one more iteration of all the steps can be done 
to get better most probable values of the angles. Alternatively, since the method is approximate, one 


ГА 


сап ааа ка = 0.163“ to each angle and take the resulting values as the most probable values. 
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Thus, 0, = 43?48/20.3" + 0.163" = 43?48'20.463" 
Ө, = 38?37'18.6" + 0.163" = 38°37'18.763” 
0, = 33°52’41.9” + 0.163” = 33?52'42.063" 
Ө, = 63°41°30.9” + 0.163” = 63?41'31.063" 
Ө; = 49?20'33.2" + 0.163” = 49?20'33.363" 
6% = 33°05'10.6" + 0.163” = 33°05’10.763” 
0, = 50°10°40.2” + 0.163” = 50"10'40.363” 
0, = 47°23'43.2” + 0.163” = 47?23'43.363" 


Total = 360°00’00.204” (Check). 
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For systematic computations, the computations may be done in tabular form as given in 


Table 5.1. 
(b) Rigorous method 


Let the corrections to the angles be еј, ሮ›........ eg then from the conditions to be satisfied, we 


get 
ej + e, + ез + Cyt е5 + Cg + e+ ез = + 32” 
е + е›— е;— e; = 82°25°27” — 82°25’47” = + 20" 
ез + e4— e; — eg = 97934727” — 97°34'19” = – 8” 
ዳዳ = foes + fses — fata + fees — foes + frer- Јвев = -Ó = -2069 
where 6 = [X log sin (odd angle) - X log sin (even angle)] х 106. 


Another condition to be satisfied from least squares theory is 


mono a4 a Ий. Ө ыбы оо cs 
ф = e ተደ; ተሷ +e, +e5 +e; +e; +e, = a minimum. 


Differentiating the Eq. (a) to (e), we get 
de, + de, + de, + de, + de; + де + de, * de, = 0 
de, + de, —de, —de,= 0 
de, + de, — de; —de, = 0 
fige, — fade, + f,0e, — f,0e, + }де; — fedes + f,0e, — fade, = 0 


еде + e,0e, + ede, еде, +е;де; + еде +e,de, +e,de, = 0 


...(a) 
...(b) 
ገ በ6) 
...(d) 


...(e) 


...(f) 
salg) 
...(ከ) 
oil 
B, 


Multiplying Eqs. (0, (е), (ከ) and (i) by —A,, -A,, —À4, and —A,, respectively, and adding to 


Eq. (j), and equating the coefficients of де |. 0፡3. дез, etc., in the resulting equation, to zero, we 


get 
፡1- A, - À5- ЛА) = 0 or «1= 41+ A + /ሓ 
(92 - 41 - A, + £A) = 0 ог ес 41 + о - ҺА 
ез- A, - 4-54) = 0 or з= A, + А + fala 
(eg — А\- A, + АА) = 0 or eg= 41 * № – faha 


Table 5.1 












































0|-43248/227 | +4” | 43248267 | +5” | 43948726” | 0.1597360 22 | 484 | - 10.77. | 43?4820.3" 
0,- 38936577 |+4” | 38237017 | +5” | 38?37'01" 020472822 | 26 | 676 | + 12.6“ 3873718.6” 
6,= 33°52/55” | +4” | 33952597 | -2“ | 33952559” | 0.2537617 31 | 96] | - 15.1" 33?52/41.9" 
0,2 634124” |-47 | 63941287 | -2“ | 63°41728” 0.0474917 | 10 | 100 | + 4.9“ 63?41/30.9" 
Ө, = 49°20'43” |+4” | 49°2047” | -5“ | 49?2047" | 0.1199607 18 | 324 | - 8.8“ 49°20'33.2” 
0,2 33°04/56” | +4” | 33205007 | -5” | 33?05'00" 0.2629363 | 32 | 1024| + 15.6“ 33?05'10.6" 
0,2 5010/43“ |+4” | 50910477 | +2” | 50*1047" | 0.1146031 18 | 324 | - 8.8“ 50210:40.2” 
0; = 47°23'28” 44" | 47923327 | +2” | 472332” 0.1331152 | 19 | 361 |+ 92” 47°23'43.2” 
У = 359°59’28” | +32” | 360?00700“ 360°00°00”| 0.6480615 | 0.6482684 4254 359°59'58.9” 

















GSI 


DNIAHAHS 
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(es - A, + 5- БА) = 0 Or ይመ h- A + ያ 

(eg — A, + 5+ АА) = 0 ог ይ Aye Ape ГА 

(e; - A, + h- БМ) = 0 or = Ay = A + КАЈ 

(eg — 1, + № + ВА) = 0 or eg = o A 
Substituting the values of the corrections е, é5,......, eg in Eq. (а) to (e), we get 


8A, + ЕА = 32“ 
4A, + (Fin — Еј = 20" 
AA; + (Ве Fly = — 8” 
(Fiz + Fag + Foe + Ед + (Fin — Fedo + (Ез, — Е.)А + Е А, = — 2069 
where F= ÈX ўа — oven = (22 + 31 + 18 + 18) - Q6 + 10 + 32 + 19 = 2 
Fu = fi- fh =22-26=-4 
Ез = f- fy = 31 — 10 = 21 
Fy, = fs- fe = 18 – 32 =- 14 
Fig = fy- fg = 18-19 = – 1 


F? = 4254. 
Therefore 
8A, + 2A, = 32” 
4A, + 104; = 20“ 
4A, + 2244 = - 8” ...(K) 
241 + 10A, + 2243 + 425414 = — 2069 
or Ay = 132-2444) 


„е 100-1044) 


1 


Substituting the values of А, A, and A, in Eq. (k), we get 


44 = — 0.507 
and then A, = + 4127 
À, = + 6.268 
43 = + 0.789. 


Thus, 
e, = + 4.127 + 6.268 — 22 x (- 0.507) = — 0.759" 
е, = + 4.127 + 6.268 + 26 x С- 0.507) = + 23.577” 
ез = + 4.127 + 0.789 — 31 x С- 0.507) = — 10.801” 
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е, = + 4.127 + 0.789 + 10 x (— 0.507) = + 9.986" 
е; = + 4.127 - 6.268 - 18 х С 0.507) = — 11.267“ 
eg = + 4.127 - 6.268 + 32 x (— 0.507) = + 14.083" 
€; = + 4.127 — 0,789 - 18 x С- 0.507) = — 5.788" 
eg = + 4.127 — 0.789 + 19 x (— 0.507) = + 12.971“ 
Total = 32.002" = 32" (Check). 
In view of the Eqs. (a) to (d), the following checks may be applied on the calculated values 
of the corrections: 
€, + e, + ез + ед+ е; + «6 + e+ eg = + 32.002" = + 327 
еј + e — e; — eg = + 20.002” = + 20" 
ез + ед — €; — eg = — 7.998" = — 8" 
fie: — Һе + Без — fata + fses — fats + fier — fees = —9 = —2068.486 = —2069 
Applying the corrections to the observed values, the adjusted values of the angles are 
Ө, = 434822" — 0.759” = 43?48'21.241" 
0, = 38?36'57" + 23.577” = 38°37'20.577” 
0, = 33°52’55” — 10.801" = 33952744.199“ 
0, = 63241724” + 9.986" = 63?41'33.986" 
Ө; = 49?20'43" — 11.267" = 49920731.733“ 
Ө, = 33?04'56" + 14.083" = 33?05'10.083" 
0, = 50°10°43” — 5.788" = 50°10°37.212” 
0, = 47?23/28" + 12.971" = 47?23'40.971" 
Total = 360"00'00.002” (Check). 


Example 5.13. Fig. 5.9 shows a quadrilateral ABCD with a central station O. The angles 
measured are as below: 


Ө, = 29°17'00"; 0, = 28242700” 

Ө; = 62259749”, Ө, = 56?28'01" 

6, = 29°32'06"; 0, = 32203754” 

0, = 59956706”, 0, - 61200754” 

Ө, = 12220055: Ө, 6032/05“ 

0, = 11822350”, 0,,- 59290310” 
Determine the most probable values of the angles assuming 


that the angles are of same reliability and have been adjusted for 
station adjustment and spherical excess. 


Solution (Fig. 5.9): 
There are four triangles in which the following conditions are to be satisfied: 
0; + 0, + 0, = 180? 
6. + 0, бо = 180° 
Ө; + 0, + Ө, = 180° 
0, + 0, ተ 0,, = 180° 


At station O, the condition to be satisfied is 


B o 














Fig. 5.9 
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0, + Oio + 0,, + 0 = 360? 
and the side condition to be satisfied is 
У, log sin (odd angle) = У log sin (even angle) 
Or log sin 0, + log sin 0, + log sin 0, + log sin 6; 
= log sin 6, + log sin 0, + log sin Ө + log sin Өз. 
For the various notations used here and in other problems, Example 5.12 may be referred. 
29517700” + 28242700” + 122"00'55” - 180° = Ej = - 5" 
ejt e; е, = Cy = + 5” 
62259749” + 56?28'01" + 60°32’05” – 180° = Е, = - 5" 
e3 + е,+ ep = Се + 5" 
29°32/06” + 32203754” + 118°23’50” — 180° = Е, = — 10" 


е5 + е6 + ё\\ = C4 = + 10” 
59°56'06” + 61“00754“ + 59?03'10" — 180° = E, = + 10“ 
еј + eg + €15 = C, —— 10” 


122°00755” + 60?32'05" + 118?23'50" + 59?037107 - 360° = E; = 0" 
66 + Cig + ер + е) = С; = 0” 
Calculating the values of log sin (odd angle)’s, ignoring the signs 
log sin 0, = log sin (29°17'00”) = 0.3105768, f, = 38 
log sin Ө; = log sin (62?59'49") = 0.0501309, f; = 11 
log sin 0, = log sin (29°32’06”) = 0.3071926, f; = 37 
log sin Ө» = log sin (59°56’06”) = 0.0627542, f, = 12 
X log sin (odd angle) = 0.7306545 
Calculating the values of log sin(even angle)’s, ignoring the signs 
log sin Ө, = log sin (282427007) = 0.3185566, f, = 38 
log sin Ө; = log sin (56°28’01”) = 0.0790594, f, = 14 
log sin Ө; = log sin (32°03’54”) = 0.2750028, f, = 34 
log sin 0, = log sin (61°00’54”) = 0.0581177, / = 12 
X log sin (even angle) = 0.7307365 


Therefore 5 = [X log sin (odd angle) — X log sin (even angle)] x 10° 
= (0.7306545 — 0.7307365) x 10°= E, 
= — 820 
or fei — faez + Без – fata + Ј5е5 — foes + Лет — faeg = Co = + 820. 


Since there are six condition equations, there will be six correlates and the equations to 
determine them using the theory of least squares, will be 


3A, + Л + "3446 = 


34, + As + Ба, 
A, + 5+ A, t+ А ተ 444 


SURVEYING 


ጋ 

5 

10 

- 10 
0 


...(a) 


From the values of fi, fj, Б, etc., we have 


Fj20 Fy=-3, Fg-23, Fg-20 Е = 6018. 
Substituting the above values in Eqs. (a) and solving them, we get 
A, = + 2.083, A, = - 2.917 
43 = + 2.219, А; = - 1.250 
A, = + 3.614, А = + 0.136. 
Now the corrections to the angles are 
е, =A, + ЛА = 2.083 + 38 x 0.136 = + 7.251“ 
€; = ቭ ፦ ҺА = 2.083 - 38 x 0.136 = - 3.085” 
е, = А+ БА = 2.219 + 11 x 0.136 = + 3.715“ 
е, = A, - ҢА = 2.219 - 14 x 0.136 = + 0.315“ 
е; = A,+ БА = 3.614 + 37 х 0.136 = + 8.646" 
es = A,- БА = 3.614 - 34 x 0.136 = - 1.010" 
€; = + ҺА = — 2.917 + 12 x 0.136 = - 1.285” 
ев = Ay— አሓ = — 2.917 — 12 x 0.136 = - 4.549" 
Total = 9.998” = 10” 
Check: 
Total correction = (2n — 4) 90° — (0, + 0, + 0, + 0, + 0; + 0, че, +6.) 
= 360" — 359°59’50” 
= 10” (Okay). 
6. = A, + A; = 2.083 — 1.250 = 0.833” 
ёр А+ À; = 2.219 — 1.250 = 0.969“ 
е = A, + A; = 3.614 — 1.250 = 2.364“ 
ёр = Аж A; = 2.917 - 1.250 = - 4.167“ 
Total = - 0.001” = 0 
Check: 
Total correction = 360° — (ወኔ + бо + 0 + 0.) 
= 360° — 360° 
= 0 (Okay). 


Applying the above 
under: 


corrections to the observed angles, we get the most probable values as 
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6,+e, = 
6,+ e, = 
0 + еу = 
Total = 
Ө; + е, = 
0, + е, = 
Oio + еу = 
Total = 
Ө; + e; = 
Os + eg = 
Ө е = 
Total = 
0,4 е) = 
0, + eg = 
Ө + ер = 
Total = 
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29?17'00" + 7.251" = 29°17'07.25” 
28242700” — 3.085" = 28?41'56.92" 
122?00/55" + 0.833" = 122201755.83” 
180"00'00” (Check). 

62°59/49” + 3.715" = 62?59'52.71" 
56°28'01” + 0.315" = 56°28'01.31” 
60°32/05” + 0.969” = 60°32'05.97” 
180"00'00” (Check). 

29?32'06" + 8.646” = 29?32/14.65" 
32°03’54” — 1.010" = 32°03752.99” 
118°23750” + 2.364" =118°23'52.36” 
180"00'00” (Check). 

59"56'06” — 1.285" = 59°56'04.72” 
61200754” — 4.549“ = 61“00749.45“ 
59°03/10” — 4.167" = 59°03'05.83” 
180"00'00” (Check). 


Example 5.14. For two stations A ( E 4006.99 m, N 11064.76 m) and B ( E 7582.46 m, N 
8483.29 m), the following observations were made on station C. 





Line 


Length (m) 


Bearing Angle 





AC 


4663.08 + 0.05 


76“06“29“ + 4.0" ACB = 61941757” + 5.6” 





BC 





3821.21 + 0.05 


14?24/27" + 4.0" 











If the provisional coordinates of C have been taken as E 8533.38 m, N 12184.52 m, determine 
the coordinates of C by the method of variation of coordinates. 


Solution (Fig. 5.1): 
(i) Calculation of (О — C) values 
For бїс 
*ር — ХА 
Ус ” УА 
_ 4526.39 
- 1119.76 


Computed value of Өс 





tan 0 AC 


Observed value of 04c 
(0 - C) 


= 8533.38 — 4006.99 = 4526.39 m 
12184.52 — 1106476 = 1119.76 m 


4.0422858 


76°06'17.5" = C 
76*0629”= О 
= 7606/29" — 7670617,5” = + 11.5“ 


11.5 


+ TT Т? 5.57535210 x 10? radians. 





For бас 
Xc— Xp 
Ус YB 
_ 950.92 
BC 370133 


Computed value of бре 


tan 0 





Observed value of бас 


(0 - C) = 


For lac 


lac 


Computed value of [yc 


Observed value of lyc 


(0- О = 


For бе 


lgc = 


Computed value of Ipc = 


Observed value of /вс = 


(0 - C) 
For angle ACB 


ZACB - 


Computed value of ZACB 
Observed value of ZACB 


(0 - C) 


(ii) Calculation of residuals v 
Since A and B are fixed points 
dx, 
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8533.38 — 7582.46 = 950.92 m 
12184.52 — 8483.29 = 3701.23 m 


= 0.2569200 


14?24/31.7 = C 
14°2427” = О 





14°24’27” = 14924317” = — 4.7" 
4.7 ЕА . 
- = — 2.27862216 х 10" radians. 
206265 


[(xc — ха}? — (ус — yay] 
[(4526.39? - 1119.76?)] 
4662.84m = C 

4663.08 m = О 

4663.08 — 4662.84 = + 0.24 m. 


[(xc — хв)? — (ус — ув)”] 
[(950.92? — 3701.22)] 

382143 m= C 

382121 m = О 

3821.21 - 3821.43 = – 022 m. 


Back bearing of AC — back bearing of ВС 
(180? + 76?06'17.5") — (180? + 14°24’31.7”) 
61?41'45.8" = C 

61°41757”= О 


= 61?41/57" — 61°41°45.8” = + 11.2”. 


11.2 


ር 5.42990813 x 1077 radians. 





dxg = dy, = dyg = 0. 
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Therefore, from Eq. (5.4), we have 








1 
dlac = — [(xc — x4) dxe + Ox ya) dye] 
AC 
dlac = ———— x (4526.39 dx. + 1119.76dy.) 
4662.84 
= 0.70736718 x 10 ! dx. + 2.40145491 x 107 dye- 
dlc = — x (950.92 dx. + 3701.23 dy.) 
3821.43 
= 2.48838785 x 10 ‘dx. + 9.68545806 x 10 ! dy... 
From Eq. (5.6), we have 
1 
Bac = Bac [Gc ya) dx. — (xe — x) dye] 
= — 1 _ x (1119.76 dx, — 4526.39 dy.) 
4662.84? 
= 5.15019796 x 10?dx. — 2.08185723 x 10 “ጠነ. 
4Өвс = — х (3701.23dx — 950.924) 


3821.43 
= 2.53451144 x 10 ^dx. — 6.51166672 x 10? ሐነ. 
da = 40,с- ав 
= (5.15019796 x 10? — 2.53451144 x 10") dx. 
—(2.08185723 x 107 — 6.51166672 х 10?) dy. 
= -2.01949164 x 107 ах, — 1.43069056 x 10 * dye.. 
Now the residuals can be computed as below: 
Ug c = (O- C) - aac 
= +5.57535210 x 10? — 5.15019796 x 10?dx. + 2.08185723 x 10 * dy. 
v = d,+ aX + bY 


ሀጩር = v = (O- ር) - 49 


ВС 
= —2.27862216 x 10? — 2.53451144 x 10 "ах. + 6.51166672 х 107%ау, 
v = #ወ3 + aX + БУ 
Vac = € = (O- C) - dlic 
+ 0.24 — 9.70736718 x 10"! dx. — 2.4014591 x 107 dy. 
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V3 d; + азХ + b3Y 
Vac = t, = (O - C) – авс 
—0.22 — 2.48838785 x 10! ах, — 9.68545806 x 10! ау, 


24 = 4, + ፈደ + РҮ 


vs = (O - С) - da 


Va 
= + 5.42990813 x 10? + 2.01949164 х 10 dx, + 1.43069056 x 1077 dy, 
Us = ds + “ደ + bsY 


where in the above equations 


X = dx, 
Y = dy, 

а, b = the coefficients of terms, and 
d = the constant term. 


Since the standard errors of the observations are given, the weights of the observations can 


1 
be computed taking (0 ос —-. 
o 





1 
For lengths @; = 0.02 ог „ЈО; = 200 
1 
For bearings ወፀ = (41206265)? or 49e = 51566.25 
B 1 
For angle Oa = (5.6 / 206265)? 206265)? ог Wo, = 36833.04. 


From the least squares principle, ме have 
ф = (Gs 01)? + (We v5)? (0,03) + (0; 04)? + (Oa Vs)” = a minimum 


Differentiating the above equation, we get 


9 
= 2ወ8 (а, + aX + b,Y)a, + 200, (4, + ሪ32 ተ bY) ay 


+ 20, (d; + a4X + b4Y) a4 + 2@, (dy + ах + b,Y) a4 
+ 20, (d; + a;X + b5Y) а; = 0 
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9 
< = 200 (а + ወዳ + БУ), + 2@ọ (d, + a,X + b ,Y)b, + 20, 


(4, + a,X + b3Y)b3 + 20) (4, + ах + Б,Ү)р, + 20, 
(44, + аХ + b;Y)b; = 0 
By rearranging the terms, we get 
[oga + а) + ока?» + ^) + oa Х + [бау + Ра) + Фаз + һа) + 0),0-441Ү 
= — [04а + d5a;) + ወ(ዉሕዉ + d4a4) + 0,4444| 
[ора + boa) + ወ/ዖ3፡; + Ба) + &bsas|X + [wb + B^) + olb’ + p) + Wb’ ДҮ 
= ፦ [@,(d,b, + ар.) @(d3b3 + аЬ) + @,dsbs]. 


The above two equations are the normal equations in X (16. ахс) and Y (ie, 4у,). Now 
Substituting the values of a, b, d, ወፁ ወ፡ and @,, we get 


634.895456 ах, + 156.454114 dy, — 48.6944390 
156.454114 ах, + 552.592599 dy. + 99.6361111 
The above equations solve for 
dx, = + 1.30213821 x 10! = + 0.13 m 
dy, = — 2.17173736 x 10! = — 0.22 т. 
Hence the most probable values of the coordinates of C are 
Easting of C = E 8533.38 + 0.13 = E 8533.51 m 
Northing of C = N 12184.52 - 022 = М 12184.30 m. 


Example 5.15. A quadrilateral ABCD with a central station O is a part of a triangulation survey. 
The following angles were measured, all have equal weight. 


0 
0 


Ө, = 57555/08"; Ө, = 38/37/27" 
Ө, = 62?36/16"; 0, = 34915739” 
0, = 36950725”, 0, = 51*54/24" 
0, = 2755723"; 0, = 49°52/50” 
Ө, = 83927717”, Oio = 83°08'06” 
0,, = 91?15/09"; 0,, = 102°09732”. 


Adjust the quadrilateral by the method of least squares. 
Solution (Fig. 5.9): 


This example has been solved by the general method of adjusting a polygon with a central 
station discussed in Sec. 5.8. 


For the given polygon 
п = 4 
(n + 2) = 6. 
Therefore, the matrix of coefficients of normal equations will be a 6 x 6 matrix. 


Step-1: Total corrections 
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(i) C, 
6, 

С, 

C, 

Gi) С, 
(iii) C, 


Step-2: Normal equations 
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= 180° — (0, + 0, + 0) = + 8“ 
= 180° – (0; + 0,4 0) = - 17” 
= 180° – (0; + 0; + 0,1) = + 2“ 
= 180? — (0; + 0; + 0,5) = +15” 
= 360° — (+ Oy + Ө + 0) = – 4“ 


= — [log sin(odd angles) — log sin(even angles)] х 10° 


(for angles (0, 65...05,). 


= — [(0.071964298 + 0.051659872 + 0.222148263 


+ 0.329012985) — (0.20466985 + 0.24952153 + 0.104021508 
+ 0.116507341)] х 10“ 


= — 651.9". 


Bei 5=6. Үрс: አር እመ26 фе роди 4518 


F? = 4924. 


Coefficient matrix of normal equations 






























































112131415 (6 
1131010:(0111-3 
2|0|3 00 |I [-20 
з о о із јот 
41010101311122 
5|1|1|1|1|4|10 
6 |-13|-20| 11 |22 | 0 4924 

Matrix of normal equations 
1|2|3|4|5 |6 
11310101011:1-31 | a 8 
210|(31010111-0/ | 4 -1 
з о јо |з 0 |1 | А _ 21 4 
41010101311122 А +15 
51111111:1410 As -4 
6 |-13|-2ዐ 11|22| 0 8924 | А -651.9 






































Normal equations 


3A, + А5 - 134; - 8 = 


| 
© 
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343 + А5 + 114 - 2 = 0 

344 + А5 + 224, - 15 = 0 

Арж А+ А+ 444+ 405 +4 = 0 

- 134) - 20А, + 114; + 2244 + 49241, + 651.9 = 0 

The above equations solve for 

A, = + 3.456, 44 = + 7.703 
A, = + 0.073, 45 = — 4.500 
A, = + 2.768, 44 = — 0.164. 


Now the corrections to the angles are 
е = A, + АА = 3.456 + 13 x ( — 0.164) = + 1.324“ 
€; = 41 ፦ ҺА = 3.456 - 26 x ( — 0.164) = + 7.720" 
е, = A, + አኋ= 0.073 + 11 x -- 0.164) = — 1.731” 
е, = A, - ҢА = 0.073 - 31 x ( — 0.164) = + 5.157” 
е; = A, + БА = 2.768 + 28 х ( — 0.164) = - 1.824" 
es = A РА = 2.768 — 17 x ( — 0.164) = + 5.556” 
€; = м + foAg= 7.703 + 40 x ( — 0.164) = + 1.143“ 
ев = Ay — ҺА = 7.703 - 18 x ( — 0.164) = + 10.655” 


е, = Àj + А45 = 3456 - 4.500 = - 1.044“ 

eio = 43 ተ 44 = 0.073 - 4.500 = -- 4.427” 

е = 43 ተ А5 = 2.768 - 4.500 = - 1.732” 

ёр = 44 ተ № = 7.703 - 4.500 = + 3.203”. 
Checks: 

С, = е + eg + ер = + 8” 

ር; = ез+ е,+ ep =- 1” 


С; = est egt ey, = + 2” 
Cy = e; + eg + ep = 415“ 
C; = egt egt бүрж еџ = - 4“ 
Applying the above corrections to the observed angles, we get the most probable values as 
under: 
0, + e, = 57°55'08” + 1.324” = 57°55'09.3” 
0, + e, = 38°37'27” + 7.120“ = 38°37'34.7” 
0, + eg = 83°27'17” — 1.044" = 83°27'16.0” 
Total = 180200700” (Check). 
Ө, + ез = 62936167 — 1.731” = 62°36 14.0” 
Ө, + ед = 34?15/39" + 5.157” = 34°15'44.0” 
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Oio + eio = 83?08'06" — 4.427" = 83°08'02.0” 
Total = 180200700” (Check). 
Ө; + е; = 36°50725” - 1.824” = 36250/23.0” 
6, + eg = 51°54724” + 5.556" = 51?54'30.0" 
Ө + eq, = 91?15'09" - 1.732" = 91°15'07.0” 
Total = 180?00'00" (Check). 
Ө, + e, = 27925723” + 1.143" = 27°57'24.0” 
0, + eg = 49°52’50” + 10.655” = 49°53'01.0” 
0,5 + еу = 102°09’32” + 3.203” = 102?09'35.0" 
Total = 180?00'00" (Check). 


OBJECTIVE TYPE QUESTIONS 


Theory of errors is applied to minimize 

(a) the gross errors. 

(b) the systematic errors. 

(c) the random errors. 

(d) all the above. 

Most probable value of a quantity is equal to 
(a) observed value + correction. 

(b) the observed value — correction. 

(c) the true value + correction. 

(d) the true value — correction. 


The method of least squares of determining the most probable value of a quantity is based upon 
the criterion that 


(a) X Correction? = a minimum. 

(b) X Error? = a minimum. 

(c) X (Weight х correction)? = а minimum. 
(d) X Residual? 2 a minimum. 


If the observations of a quantity contains systematic and random errors, the most probable value 
of the quantity is obtained by 


(a) removing the systematic and random errors from the observations. 

(b) removing the systematic errors and minimizing the residuals from the observations. 

(c) removing the random errors and minimizing the systematic errors from the observations. 
(d) minimizing the systematic and random errors from the observations. 

The most probable value of a quantity is the quantity which is nearest to 

(a) the true value of the quantity. 

(b) the true value of the quantity + standard deviation. 

(c) the true value of the quantity + probable error. 


(d) the observed value of the quantity + weight of the observation. 
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6. 


10. 


The theory of least squares is used in 
(a) the method of differences. 

(b) in the normal equation method. 
(c) the method of correlates. 

(d) all the above. 


In a braced quadrilateral the number of conditions required to be satisfied for adjustment 
excluding the condition imposed by least squares theory, is 


(a) 2. 

(b) 3. 

(c) 4. 

(d) 5. 

The spherical excess for a triangle of area 200 sq km is approximately 
(4) 0.57. 

(b) 1.0". 

(c) 1.5“. 

(d) 2.0". 


Correlate is the unknown multiplier used to determine the most probable values by multiplying 
it with 

(а) normal equation. 

(b) observation equation. 

(c) condition equation. 

(d) condition imposed by the least squares theory . 

Station adjustment of observation means 

(a) making sum of the angles observed around a station equal to 360°. 

(b) checking the permanent adjustment of the instrument at every station. 

(c) adjusting the instrument so that it is exactly over the station. 


(d) shifting the station location to make it intervisible from other stations. 


ANSWERS 


(c) 2. (a) 3. (d) 4. (b) 5. (a) 6. (d) 
(c) 8. (b) 9. (0 10. (a) 


